UCD Mathematical Enrichment 19/3/16

Geometry

email: ivan.lobaskin@Qucdconnect.ie

Problem 1

Lines PA and PB are tangent to a circle centred at O at points A and B respectively. A
third tangent is drawn. It crosses PA and PB at X and Y respectively. Prove that [/ XOY|
does not depend on the choice of the third tangent.

Problem 2

Let the circles ¥} and %> intersect at A and B. Prove that the line AB is the radical axis of
(lf)&l and %2.

Problem 3

The incircle of ABC is tangent to side BC' at K and an excircle is tangent to BC' at L. Prove
that [CK| = |CL| = 3(a+b— c), where a, b and c are the lengths of the sides of the triangle
opposite A, B and C respectively.

Problem 4

Let the circles ¢, and %, intersect at A and B. The line [y, through a point P on [AB],
intersects ¢, at K and L and the line Il through P intersects %5 at M and N. Prove that
KLMN is cyclic.

Problem 5

Prove that the power of a point P with respect to a circle € equals d?> — R?, where d is the
distance from P to the centre of %1 and R is the radius of %.

Problem 6

Prove that the radical axis of two circles bisects their common tangents.

Problem 7 (IrMO 2012)

A, B, C and D are four points in that order on the circumference of the circle K. AB is
perpendicular to BC' and BC' is perpendicular to CD. X is a point on the circumference
of the circle between A and D. AX extended meets C'D extended at F and DX extended
meets BA extended at F'. Prove that the circumcircle of triangle AXF is tangent to the
circumcircle of triangle DX E and that their common tangent line passes through the centre
of the circle K.



Problem 8 (BMO 2013/2014 Round 1)

In the acute angled triangle ABC, the foot of the perpendicular from B to CAis E. Let [ be
the tangent to the circle ABC at B. The foot of the perpendicular from C' to [ is F'. Prove
that E'F is parallel to AB.

Problem 9 (IMO 2015)

Triangle ABC has circumcircle €2 and circucentre O. A circle I' with centre A intersects the
segment BC at points D and E, such that B, D, E and C are all different and lie on line BC'
in this order. Let F and G be the points of intersection of I' and €2, such that A, F', B, C
and G lie on € in this order. Let K be the second point of intersection of the circumcircle of
triangle BDF' and the segment AB. Let L be the second point of intersection of the circum-
circle of triangle CGFE and the segment C A.

Suppose that the lines FK and GL are different and intersect at the point X. Prove that X
lies on the line AO.

Problem 10 (BMO 2004/2005 Round 1)

Let ABC be an acute angled triangle, and let D, E be the feet of the perpendiculars from
A, B to BC, CA respectively. Let P be the point where the line AD meets the semicircle
constructed outwardly on BC, and ) be the point where the line BE meets the semicircle
constructed outwardly on AC. Prove that CP = CQ.



CHROECEHS

F/'(‘s‘{.' S

Tl 1 S0e | boxkicl | thedreals

1)0n cyclic  quadcilatecals

A
Oﬂwsft‘e anj(es aa/o/
D up to 12 0DF.
180°=/ DAB+£BCD=/ABC+ L(DA
B c

Al TTTTD
AV\jles $‘(-GMCV(;V\ﬁ on
the same arc ac equorl.
! ZBAT =/ (DB
si\\\~“////°
A Exterior omj e ea[ua[s
‘ C Orpfosf‘ée mterior ar\jle.
VICDE E14 CARB
B D

2




A |APLIBPI HA'PLIBP]

T*Lw‘fs wiill [ble wvevfp/ In wWoreé etail later...
More olsswfre: Pfclem])s T heovewrnn

The sum o.(: the Pmo/ucf’s a,[
the @moos,‘fe s oles e7ualf the
D Proo(uci' of the ﬂ(fajoma i

[ABLJcD]+IAD L|Bc]=|Ac/[8D]



ALl these conditions are Ne cessary ano
sulficient  for o 7uao(r"lm,‘eral to be

eyrdli el So i,[ you show that one of
thew s trye all of [thew will be 4eue.

[NOTEi spotting a cyiclic guadrilateral  can be e
key s%ep to So[vfnﬂ a Fr‘OE/ery;:,

2.) O f&tnqenf's to civeles

A ‘f‘amﬁren‘{' IS F@rfwaffcu[aw
o |Ale | (fule fhmujl, the conte?
of  the circle whicl  ccosses it
at the peint of tongency.

WILEZLL (76 | & SFecfa[ case O.F-...

D

T he amjle between o tangent

and o chord F&Us?ng f'Llr‘aujL\

the point of ‘{’ay\j‘gm(y equals

C tle Qn?[& S%ano(;nj on the pre
Ao onitte of by the chora.
VDN TS TZIARC



TL\Q Lasf ’H’\ec'r&na Ll L\e(p 45 Frove 0ur“

.'['Trs% dnduih | wesd (T ..l

T Power oﬁ]C a Point

4) The {‘amqe./\‘ﬁ‘s 'H«\rOu,ch o po?mf‘ Are equa[

L et ¥, kel & circle | add (P ol potat| outsidld £
Let the tangents 01[ €, theough P touch E.
at A land B,

then | [PA] = [PB]

v

Proo[:
(ot sidet [y | poind | (D lon [ [ Lo Lutlfall AFD P
is @ Convex quao/rila{‘era(. Slalca |PAl i< "(TO(V\jB\/\{'
to €, and ZADB sEanpls (o | #he | tliord (A
LPAB = [ APB
Simi larly, sinee | PBs alse o %Ow;jem‘t to .,
LPBA = (BDA
F I AFAB|= [ PBA
So  the frianj(a AABP is| isosceles.
T hew fore PAl (= |[PB]



D\/O'TE: \/ou At a['f'em tse ﬁacfs abeat
amales to prove stoctemients abpat éenﬂé—Lls
ol vice Verso«]

T his result M By Seem sme(e bt rd 1is
very powerdul oane can be wsed to

prove, more qa(vanceo/ {‘Lle(DremS.

Problem 1: Lines PA anol PB are fangent €0 o
ciccle  centred ot O, at  points A and B
espectively. A third {‘amgem{‘ s olrawn .

[+ crosses PA aned PB at X and Y cespekively.
Prove | that ]2 X0 7/) dloes not 0’{£{>€V\O/ em
Fle | dlbitel o£ the | £ Liqd {-Mmg At

So lution :

Let | Z be the | peint o][ tangency p,‘[ the thirol
tongent. Comsider the trizngles AXAD and
AXOZ, Since XA and XZ ae both +ongent
to | the ciccl, TXA[=]Xz]. Since AO and 07
ave | Lokl | vaolii| ofl the lciecle | [V AD[=]I0Z]]

)



TL\B SC’ﬁ‘Mewf XO s SL\areO( lo)/ ‘Obi’[/\ trfcmgles.

T'laa.ze,[ové A XAD | dnd| & XIOZ lale eruemﬁ
Thecfore |2A0X] =] sx0z]
B)f STvnilar v-easomfmg it | coun | e shown #Flhat
L Z OV =]V YBE]
S i lcl WAENIIE lLx ozl +12Z20Y], we get
2 12X0Y\= |2 Xoz| +12x0z] + 12Z0Y]+ | LZoY|
= |eXozl+ |LAOX|+\ L 20yt \LYOR]
: 4 ADE[ 41/ 1ZIoB]
= |2 A0B]
= NeXey 1=l ZNZ ADB|
Siltel [IIZIAOB]| blbels | ot depend on the
choice of the thicd tangent, \LXoY| oloes
wot o{ePemo{ on| the [clldice 91[ the third %‘amfent.

2) T he powec of o point

The P,—o?&rfy O—F {’amgenfs is l)'usi' & speci«/
aase Q( the power D.F the Pa;nf Pl i+l res"f;écf
| thel [divelel €, ]

De_@‘n{éiom:

Leltl (€. be lal leirdlel laind |P| 2 point [ inbible,
outsiole lor lon | +Ue circle) [Lot| £  be a | line
Passing fhraujl,\ P ool erossing the cirele at

A L and Bl [The quqnéiéy [PA|-IPB| is called
Elb bt of | P Ji40 belsboet [#o] @ | duoll dods
vot olepend on the choice of £ as [""‘ﬂ

asl it posses i’km—uﬁL Pland | crpsses €, ot (east ouce).

%



We will Fmve the case wL\em Pl (ips ;’wS:’o/e
W Ll Thd qu( ,[m the | ather | coades s
Similar and is (eft QS an exercise.

Let {two olistinct Lines threwgh P cross

Hlhe cirele | €. at| A, B ouof /'\’) B7 vespectively.
Note that the ongles (BAB’ ano ,BA’B
stawd on | the sawe acc, so  |LBAB?=l/BA’BY.
Similocly, [ ZABA lanel LAB’A ctand on te
same arc, 50 JLA'BAL= L AB AL, Also uete
that |(NPB] = APB’| | becaise these Qung les

oLl syvnwxejcr\-‘ca{ oppesi tes. T'here.ﬁore tle tlrfc’Mjles
AP BY ol bl ATAB P lalel [shanilldel

e A L g
=P oAl T PP

=> _IPallPBl= |pA’|.lPB°]
Now ?[ we_ | Aeaw Lol | Glicel | Line H«rauj[\ P and
BAHA | dedsl | Lot |l Bl [dadd BT el dods e peat
this  pro ceoluse  to slow tlat
[plALLTRB] 2 [Tp A”[JTP&"]
and | sol e, ﬂx\e/re{me this Teta'(’l\W5L|;P halo it



T —

[f\o’fo( reﬁaro(ZGGS c{ eUr cl}ta/‘ae q[ /mes.

Rev or ks -
el L P lies on @, IPALIPE{=0 . This case
(5 verely wseol.
. (I P (fes OH%S;OQ 84 0()40( /éfj' ol {'Dyyem{‘)
A=B ol ol | [[PALIPBI= [1RAIY

The power 0[ o P@in{ is siwmple but
Poweqful. [t lcpun bLe useo( to 50(ue man)/

0{1\4‘;6(’4[{' }7-’0 b(ew\s) fmc(ua(:"«vj /MO -Leue(.

T | e cadi cal | otxKis

Sa/ we aré 73“/6‘4 ‘Z'vvo ¢}rc[e$) 6,, avuof ‘ﬁ’z_
s the  power of | a | polint| Pl ever equal
FU’V ‘64 OUAOI Lé;, ?

De@.,\h@-iaw:

T bhidelr | [tlwb | birdlds| .| [alngl | .. | T he
roolical ouxis 07[ Cl [ ddal | Pl | ds| dliel dile | A
fof w hich ?{ a pojnt Plik lol |4 | tle| the
power o[ P with respect to ¥ e7ua[s the
7 ower of P with respect to @, L

Pobbe. LlLet! [flhe | airclleks Al ahdl €. intersect at

A oo of B. Prove +hat  the line AB s the
coplicall laixis o‘f .| ancd |4,



Consider any Foin% Plown |AlB. /[ we
comstruct any lne Hmujza Ploblicl | fatackolrfis
@l owdd| el labdl| Fhe points 0_[ interse d Hon
Al anel B, fthen we Lave
IPAL. [pB] =1PA, Il IPB,]
Similar[}/, ,'1[ we cons truct myé{na {’L\rouﬁl\ °
which intersects | €, at A, oand B, we will have
[PALIP Bl = [*FA,l. IPB, |
Thert fore {w any  lines f(nrv'vtjl\ % Iv‘fe,fsé'c{»"nﬁ
C (onp] @ [aft] (A B1 laldd| ALE, resPec{—iuf/y

L
weé ove ]PA,,IIPBA( =]FA7’~“)87]

So {;., any  point P on AB | 1ts power with
relspeict! tol |\, e?ua(b it power with espect
to .. Thow Love AB is | the raplical axis of
L hddl 2



PYD\.?I.QM 10:

P
Kl | | Hhk laed [ACICT il b s@micivele,
ZAROIEAd®
Ad T RIE AL
LAE Ql=390°

T b e, ok | il | [0 | kb el
of AAEQR, AR will be o cfiameter.
Shdelel 1 @RC I AQ) wla @ E" ‘(Lawjenf.

So i\[ we  cousider the powe ¢ of | ( \ad HE:
espect to the ciccumeircle of AAER weget

[CALTcEl=]cQl
L[ we vepeat o similar argument on the
other siols  we gt
[CBl [co] = 1 ¢rtT



[n the duadeilatecral AEBD,
[CAERIA TZADBI 2 [pP
So  these €wo angles siahol [ ol | £l | chole lade.
Thetlerel AEBD| is leydlic] [[f | he |cpdsiden
tlhe power o_{ C with respeet £o tle
cirele AEBD | we get
[dAT I CEl = JrRl.Tcn]
= [c@l*=]cPl?
4 @I (= |4 @]



